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ABsTtracT. We find Green’s function for two weighted Laplacians in the unit
disc and express them in terms of the zero-balanced Gauss’ hypergeometric
function o Fy (1, o+ 15 + 2; 2). The two weights that are considered are |z|2%
and (1 — |2|2)® where o > —1. The Bergman kernels for these two weights
are calculated using Green’s function. The connection to the Poisson kernel is
also verified for the known case (1 — |z|2)® and in the case |z|?* an expression
for the kernel is calculated.

CONTENTS
1. Introduction 1
2. Prerequisites 4
3. Green’s function for the weight p(z) = |2|?* 7
4. Green’s function for the weight p(z) = (1 — |2]?)® 12
5. The Poisson kernel 14
References 17

1. INTRODUCTION

In [6] Garabedian showed the existence of Green’s function for the following
weighted Laplace equation:
o 1 0
gmau(z)
where 2 is a domain in the complex plane, p : Q@ — [0,00) is a positive weight
function and
0 1/0 .0 0 1/0 .0 )
5~ 3 (&U_Zay) and %= 3 <8x+28y> where z = = + 1y.
Physically we can interpret this equation as the complex equivalent of the con-

ductivity equation for the electric potential inside a material with conductivity

o=1
P

=0, z€Q, (1)

1
V.- —-Vu=0, (2)
p

where this differential operator is equivalent to the real part of the operator in (1)
and our weight p is interpreted as the resistivity. This equation can be derived by
considering the continuity equation V -J = —% (here p is charge density), which
for steady currents reduces to V -J = 0. Then since J = oE = %E and E = Vu,

we get V-%VU:O.
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To see that the operator in (2) is equivalent to the real part of the weighted
Laplacian operator in (1) we calculate

919 _1(o oy 110 0
0z p(z) 0z or 0y ) p(z)2 \ 0z Oy
0

Oz p(z) O0x ~ Ay p(z) dy = Oy p(z) Oz Oz p(z) Oy

and
v iy (2 9y (Lo 19y_0 1 9 0 1 9
p dx’ dy pdx’ pdy x p(z) 0z~ Oy p(z) Oy
We conclude that

V~1V=Re [48 L 8].
p 0z p(z) 0z

Among the reasons for studying these weighted problems, the most noteworthy
may actually be a kind of inverse of Dirichlet’s boundary value problem for the
equation (2). This is referred to as Calderon’s inverse problem and is stated as
finding o uniquely if we know the so called Dirichlet to Neumann map

A, u|on — 0@
oV |50

Physically we can interpret this map as how different potentials on the surface gen-
erates current through the surface, and then Calderon’s inverse problem is finding
the conductivity inside, which may be used for example in medicine as an imaging
tool called Electrical Impedance Tomography. It was solved for conductivities in
WLP(Q), p > 2 and Q a Lipschitz domain in the plane, by Brown and Uhlmann [4]
and later for any bounded simply connected domain €2 in the plane and conductiv-
ities in L>°(Q2) by Astala and Péivérinta [2].

Our main object of study will be:

Definition 1. Green’s function G,(z,w) for the equation (1) in the unit disc D is
defined as a function satisfying, for a fixed w inside D,

i) 74%ﬁ%6¥p(z,w) = do(z — w),

ii) Gy(z,w) =0if z € OD.
The coefficient 4 is present to normalize the weighted Laplacian. For if we
2
consider the unweighted case p = 1 the weighted Laplacian reduces to % = %A
and so the first condition becomes —AG,(z,w) = &y, which is the classical definition

(see [5] for the real case).
Note that Green’s function has the symmetry property

Gp(z,w) = Gp(w, 2) (3)
so that G,(w,z) as a function of w is Green’s function for the conjugate of the
weighted Laplacian, that is the operator %%%.

If we know Green’s function we can use it to uniquely represent the solution to
the Dirichlet boundary value problem

{ 0 1.0 yz)=0 z€D

0z p(z) 0z 4

u(z) = f(z) z e ID. @

Garabedian considered the case where the boundary value function f is continu-
ously differentiable and in this setting he showed the representation formula for the

solution:

V= o0 o = ©)
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where s is the arc length and »(¢) is the inner unit normal at ( € 9D. Nowadays
we usually allow f to be a distribution on D and consider weak solutions to (4)
instead.

The unweighted case p = 1, often referred to as the classical case, is treated in
many books on partial differential equations (for the real case see for instance [5]).
Green’s function for the unit disc in the classical case is

1 1
G(z,w) = —%ln|z—w| + %ln\wﬂz—wﬂ

where w* = 1 is the reflection (or sometimes called the inversion) of w in the unit
circle. This allows us to write

1 1
G(z,w)z—%ln|z—w|+gln|1—zﬁ|. (6)

Since both our weights are equal to 1 when o = 0 it is natural to require that
when a = 0 our weighted Green’s functions should be equal to the classical Green’s
function.

The aim of this text is to establish Green’s function for the weighted Laplacians
with weights |2]?® and (1 — |2|?)%, where o > —1. We will also find the Bergman
kernels K, associated with the weighted norms

11l = / FG2p(2)dA(2).

For information regarding the kernel function we recommend Bergman’s book [3].
We will start with the Green’s functions and then use the following formula for the
Bergman kernel:

4 92G,(z,w)
o) Om0w

which was also shown in [6]. Note that this formula differs in the coefficients from
the formula found in [6]. This is due to the fact that in Garabedian’s version of (5)
there is a factor % in front of the integral. We have embedded this coefficient in
G, (2, w) and therefore the formula for K,(z,w) is adjusted accordingly.

In conclusion, by comparing the representation (5) and the representation using
Poisson’s integral we will be able to find the Poisson kernel for these two weights.
For the weight p(z) = (1 — |2|?) the kernel was found in the soon to be published
paper [8] by Olofsson and Wittsten. In the other case, p(z) = |2|?®, we will calculate
an expression for it.

The main results of this text are these two Green’s functions:

Kﬂ(z7w) =

z # w, (7)

Proposition 1. Green’s function for the weighted Laplacian %p(lz) % in D with

weight p(z) = |2]?%, a > —1, is given by
1 w 1
Golou) = g 1202w 2) e (2) - w( L) = ol w(w:)

where

1tz «a +1
Note that U(z) has a branch point at z = 1, and so we make a branch cut from
z=1 to z = oo along the real axis.

1
tO(
U(z2) :z/ dt : oF(L,a+ La+2;2).
0

Proposition 2. Green’s function for the weighted Laplacian %p(lz) % in D with

weight p(2) = (1 —|2*)%, a > —1, is given by
11— w1 —|2*)*

Gplzw) = 2 1 —wz)e W(

(1 —fw)(1 - ZIQ))

11— w2
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where

1
t* z
U(z) = dt = (1 1; 2;2), e D.
(2) Z/o T P 1(La+lLa+22), =z

Using these two functions we will be able to show the following corollaries giving
the Bergman and Poisson kernels.

Corollary 1. The Bergman kernel for D with weight p(z) = |z|**, a > —1, is
given by
1 1 a 1

r(l—zw)? 7wl-zw0

K,(z,w) =

Corollary 2. The Poisson kernel for the weighted Laplace equation (1) in D with
the weight p(2) = |2|?%, a > —1, is given by
1 z|z|2

1-z 1-2z’

Corollary 3. The Bergman kernel for D with weight p(z) = (1 — |2]*)®, a > —1,
is given by

Py(2)

a+1 1
7 (1 —zw)>t2’

KP(Z,’UJ) =

Corollary 4. The Poisson kernel for the weighted Laplace equation (1) in D with
the weight p(z) = (1 — |2|*)®, a > —1, is given by

_ (A=)t
Pl = o - et

2. PREREQUISITES

In this section we will present the necessary definitions and lemmas regarding the

Wirtinger derivatives, the distribution %%i and the hypergeometric function
oF). The reader who feels sufficiently informed about such matters may skip to

Section 2.4, where we define the auxiliary function ¥(z).

2.1. The Wirtinger derivatives. Let % and % be the two Wirtinger differen-
tial operators which are defined as
0 170 .0 0 1/0 .0 )
8222(81'—2%) and 82’:2<8x+28y> Wherezzx+zy.
These operators are also called the Cauchy-Riemann operators. Mainly because

if we apply these operators to an analytic function f we get, using the Cauchy-
Riemann equations,

of , of
= = d —=0.
0z fz) an 0z 0
(For details see for example Section 11.1 in [9].) Note also that if f is Z-analytic

we get that % =
With respect to the complex conjugate we get the following behavior:
of _of of _ of
- == d —=—.
0z 0z " 9z 02 ®
For these operators the usual product rule holds and their chain rules are

Afog) _ (Wog)ag/+<6f )ag

“=°9 ) 77>
0z 0z 0z 0z 0z

3(f°9)<3fo)39+<3fo)39
0z \a:"9) a0z " \8z°9) oz
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Note that if the outer function f is analytical the second term vanishes, since
% = 0, and we get the following chain rules instead

oo (U, )%

(9)

0z oz 8z’
ofog) _ (9F 99
oz 0z oz
2.2. The %-lemma. We will frequently encounter the distribution %% zi( and
its complex conjugate. The following lemma states the well-known fact that we can
interpret 1 as the fundamental solution to the 2 -operator.
Lemma 1. It holds that 51 1
Z 2 = 6z —
0zZmz—( o(z=¢)

in the sense of distributions.

For a proof see the discussion leading up to the expression (3.1.12) in [7]. But
essentially we can consider the action of %% Zi ¢ on a test function @(2). Using the
distributional derivative we see that

o1 1 1 1 [8¢ 1 [06(2) 1
ZZ [¢] = ———— | == :_7/ E) dA(z).
0zmz—( mz—C( |0z e 02 z—(
Here we can either use the complex version of Green’s theorem or use a simpler,
more direct proof as in Lemma 20.3 in [9]. We omit the details. We end up with

1 [09(2) 1 _
[ HE A = 00

and thus &£ 1z = do(z — () in the sense of distributions.

2.3. The hypergeometric function. The expressions for Green’s function will
be connected to the following well-known function.

Definition 2. The hypergeometric function (sometimes referred to as Gauss’ hy-
pergeometric function) can be defined as

oFy(a,b;c;2) = Z (a)(z)(:%i: if |2| <1 (10)

where (z), is Pochhammer’s symbol defined using the gamma function as

I(z+n) {1 n=>0

T T et ) e =12

n=0

Outside of |z| < 1 we define o F; using analytic continuation.

Information and formulas regarding the hypergeometric function can be found
in [1], which is only one among many excellent sources.

The hypergeometric functions that we will encounter has a branch point at z =1
and therefore we need to make a branch cut. One usually takes the branch cut
extending from z = 1 to z = oo along the real axis.

There exists several integral representations for the hypergeometric function.
The one that is of most value to us is called Euler’s formula

I'(c !
oF (a,b;¢;2) = F(b)l—‘((c)—b)/o 71— )71 — t2) %t (11)

which is valid when Re(¢) > 0 and Re(b) > 0. This formula can be used for the
analytic continuation as well as being a useful tool for proving properties. To show
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this formula note that if |z| < 1 we can expand (1 — ¢z)~® using a binomial series
which converges uniformly in ID. Then use known properties for the Beta function
to simplify the resulting series so that we can identify it with (10). Information
and properties about the Beta functions can also be found in [1].

We will only be interested in a special case called the zero-balanced hypergeomet-
ric function: oF (1, @+ 1; @ + 2; 2), which has the following integral representation
ifao>—1:

INa+2)

1
(1 1; 2:2)=——" 2 [ (1 —tz)"tdt
2Fi(latlat22) F(a+1)I‘(1)/0 (1—t2)

1 t(x
=(a+ 1)/ dt.
0

1—1tz

2.4. The auxiliary function ¥(z). We define an auxiliary function ¥(z) which
is present in both our Green’s functions.

Definition 3. Let ¥(z) be defined for o > —1 as

1
t z
U(z) = dt = F(La+1;a+2;2).

(2) Z/o ol = oy filbat at %)

It has the following properties:
e U(0)=0
e U(z) is analytic inside D and has an analytic continuation outside of D
except at z = 1 where it has a branch point. Therefore make a branch
cut from z = 1 to z = oo along the real axis, hence ¥(z) is analytic on
z€C\[1,00).
e In the unweighted case o = 0 it holds that

(2 :z/o 1_1tzdt: [~ In(1 — t2))} = —In(1 — 2).

e Since ¥(z) is real when z lies in the interval (—1,1) on the real axis, we can
with an application of the identity theorem for analytic functions see that
U(z) = ¥(z) if z € C\ [1,00). To motivate this, set Z(z) = ¥(z) — ¥(z)
and note that it is defined and analytic on z € C\ [1,00). Observe that for
z € (—=1,1) we have E(z) = 0. Hence the identity theorem yields =(z) =0

in z € C\ [1,00) and so ¥(z) = ¥(Z) on the same set.

In our Green’s functions we are going to encounter the expression z*W¥(z) and
we will want to apply the a% operator to it. We proceed by using the product rule
and we find that

0, . 0 o 0
— (2°0(2)) = az*'¥ *ZW(z) =2 | =V —U(2)].
W) = a0 2 ) = | 20 + )|
So if we define the operator £, = ¢ + % and calculate £,V we find the derivative
by
9 (290 (2)) = 2L,V
0z N “
We find the action of £,V as follows:

a 8 a 1 ta a 1 tOé
L, 0 = ;\Il(z) + &\Il(z) = ;z/o dt + — [2/0 dt]

11—tz
1 1 1
te te 0 t
= dt dt + z— dt
a/o 11—tz +/0 1—tz +Z@z/0 1—tz

Lo Lo ot
= 1 dt ———dt.
(o )/0 1—tz +/0 (1 —tz)2
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The last integral is calculated using partial integration

1 1 1 1
ottt ot 1)t 1 te
/ : dt = —/(a+)dh: —W+D/ dt.
o (1—1t2)2 1—tz]y Jo 1—tz 1—2 0 11—tz
Therefore we get some cancellation and arrive at

1
1—2z

LV =

which finally gives
(s =
0z T 1-z

Remark. Using the integral representation of ¥(z) we can find a finite expression
whena=n=1,2,...

1 z
" z u”
\I/(z):z/o 1_t2dt:{u:tz}:zn+1/0 1_udu

n—1

1 2o 1 # 1

- Y gy = — Nk du
2" Jo 1—u z" Jo P 1—wu

__izn:é_log(l—z)__zn: 1 log(l—z2)
Togn k 2N o kzn—k Zn '
k=1 k=1

(12)

(]

3. GREEN’S FUNCTION FOR THE WEIGHT p(z) = |z|>*

In this section we will first find Green’s function for the weight p(2) = |z|>** and
then proceed to use it to calculate the Bergman kernel.

Proposition 1. Green’s function for the weighted Laplacian %p(lz) e?z in D with
weight p(z) = |2]?%, a > —1, is given by

1 w 1
G,(z,w) = o {|z|2°‘\11(§)) + |w2a\11(1;)> - W(wz) — |w]?*| 22>V (w2)

where

1
t z
U(z) = dt = F(La+1;a+2;2).

(2) ZA Tl = oy filbat at )

The proof will be given in three parts, first we motivate that the claimed ex-
pression for Green’s function can be made well-defined. We will then proceed to
show that it really is Green’s function by verifying the definition. The property we
consider is that for fixed w € D our Green’s function must satisfy

4210
0z p(z) 0z
This will be done in two steps, first applying the %—operator and then applying

the %—operator. The second property, that G,(z, w) should vanish on 0D, is not
hard to verify.

Gp(z,w) = dp(z —w).

Part 1 of proof: Well-definedness. This formulation of G,(z,w) is not strictly well-
defined when either z = 0 or w = 0. To see that this is not an issue we consider
the limit as w — 0 and see that the limit exists. The other case can be treated
similarly.

As w approaches zero the second and the fourth term in G, goes to zero, so what
is left to consider is the behavior of the expression

ne()o()
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The limit will depend on whether « equals zero or not. If o = 0 this simplifies to

—1In (1 — —) +In <1 — 1> =—ln(w—2)+InEZw-1) —1n(z) (13)

w wz

which is well-defined when w = 0. If @ # 0 we use the integral representation of
U(z) to reformulate

1 « 1 o
\11(5):5/ ! dt:z/ L
w w o 1—1t5 0 w—tz
and here the right hand side is well-defined when w = 0 and equals —é. The

other term can be treated by a similar application of the integral representation of
U(z). O

Part 2 of proof: Applying the a%—opemtov". We treat the first three terms together
and then continue to differentiate the fourth term alone. We start by expressing
the first three terms by their integral representations

w 1
() e 2) -o() -
w z wZ
1 1 1
te te 1 te
w Jo 1—t£ 0 1-— t% wz Jo 1-— tﬁ
/ (I=Pt) dt—i—*/ |w|2t /1 LAY
= zZ N
0 w—1tz z—tw 0o Wz —1
With two changes of variable, s = |z|?t in the first and s = |w|?*¢ in the second, we
get that
|Z|2a\:[/(i> + |w2°‘\11( ) < )
w
|z| tOt 1 ta
- / / f/ A (14)
0 wz —t 0o WZ—1

and we want to apply the %—opera‘cor to this expression and interpret the result
using Lemma 1. We proceed term by term. The first term can be differentiated
according to the Leibniz integral rule as

a [ o |[2 g e
Il dt = z ——dt
02/0 wZ —t w§f|z|2z+/0 0z wz —t

|22 e 91 1
_ +7r/ o
0

wozTE— L
w

|22 27 o t
:7+7r/ —b (2 —— ) at.
w—z 0w w

If the second and third terms are treated similarly we see that

[w]? a [w]? 4o [w|? Jo
ﬁ/ j dtzﬂ'/ o1 1 d—ﬂ'/ t50<z—t>dt
0z Jy, wz—t 0 wazwz—— 0 w w

and

1 @ «a @
ot [ al;dt:w/ t60<z—t)dt.
0 w

0z Jo wz —t o wozmwz— L
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Now let f be defined as a distribution with respect to z in the unit disc by the

expression
l#1° to t ol? 4o t L t
f(Z):/ —dp (Z—> dt+/ —do (Z—) dt—/ —dp (Z—) dt.
0 w w 0 w w o w w
In view of the above, an application of the a%—opemtor to the expression (14) yields
A ) (15)
wf(2).
w—z

We want to show that f is zero in the distributional sense. Therefore take any

test function ¢ with support in the unit disc and then we try to calculate the action
of f on ¢. We split f into three terms:

|2? ;o |lw|? ;o
() = /0 - (z— ;) dt, o) = /0 - (z— L) d,
I 4o t
= —do Z—— ) dt.
o[ Zafe- )

If we interpret the integral [ u(z)dt of a distribution u,(z) as

</o “t(z)dtv¢(2>> -/ =), 0(2) di

we get the action of fo:

(f2, 0) = </0|w|2 g&) <z— ;) dt,¢(z)>
_ /Ow2 g <50 (z - ;) ,¢(z)> dt

If we do the same for f3 we get that

o= [ o (L)

The action of f; is a bit more complicated and we begin by making a change of
variable:

fi(z) = /O|Z|2 géo (z— ;) dt = {t = |2|*s}

1 200 s 2 1 2(a+1) 2
:/ 2 5, (z—"Z' S) |z\2ds:/ s s (z—|z| ‘9) ds.
0 w w 0 w

w
We continue by calculating

1 2 2(a+1)5a 2|2
ooy ={ [ EE 00 (7 B s )
1 .«
:/ i <|Z|2(a+1)50 (Z— |Z25> ,¢(Z)>d$
o W w

Since |z|2(®*1) is continuous when o > —1 we can interpret the action inside the

integral above as
) oty = (50 (2= B2 oty ).

2
|Z‘2(a+1)50 z_ ‘Z| s
w
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For a motivation of this note first that dg is of order zero and then see the remarks
2
after Definition 3.1.1 in [7]. Now let g(z) =Z — IZ‘TS =7z (1 — ) so that

do(z ) + do (2 — %)
|det J,(0)]  [det J, ()]
where det Jy(z) is the determinant of the Jacobian matrix of g evaluated at z. For
a motivation of this see Example 6.13 in [7] together with the observation that the
zeros of g are isolated. Explicit calculations give that
2 dg 2
oz| |

do(9(2)) =

(16)

dg

|det Jy(2)] = || =2

T (D) () = el -l

Hence if we evaluate the previous expression at z =0 and z = % we get that

|det J,(0)) =1 and ]deug (%)] ~ 1.

Therefore (16) simplifies to
B _ lzPsy w
sn(9(:1) = (2= L2 ) —aote) .00 (=~ )

which we can use together with linearity to see that the action of the first dg-function
vanish and the resulting action is

_ 2P 2(a+1) _ |w|2(a+1) w
<50 (Z — ;2] P(2) ) = Wéﬁ (g) .

Therefore we can continue with the action of fi:
1 ca 2(a+1) 11 2(a+1) d
s lw w w wy ds
<f1a¢>:/ 7|2‘(T1)¢ (*) ds:/ *HT¢(*)*
0 w s S 0 w S S S

_ _\w|2 [ t
= {t = } = /W %? (w> dt.

Then since |w| < 1 we get that if ¢ > 1 we must have ﬁ > 1. Hence ¢ (1) =0 if
t > 1 since ¢ has support inside the unit disc. Therefore we finally get that

(r, ) = /li i ( )

Now we have all the parts to evaluate the action of f:

(f,0) = {f1.0) + {f2, 0) — {f3,9)

O O R CO

We conclude that f is the zero distribution. Therefore we know the result of
differentiating the first three terms from (15).

We turn to the fourth term which can be treated using the chain rule (9). To do
this set ¢g(z) = 2w for which % = w. This allows us to write

w]**|2** 0 (Wz) = wz%g(2)*(g()) -

Now if we apply the %—operator we get

0 2c| |20y (777 6 o
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Observe here that the outer function z*¥(z) is analytic and can be differentiated
using (12). Then by the the chain rule (9)

9 jofe s w(me) = woze L9

0z 1—f(z) 0z
which is simplified to

9200 (— 2ai 20 W
9 N _ ap 20 W
2 o ow(ms) = s

— W
Now we have treated all four terms and we have

5, 1] |z w

—G = — | PP —m— . 17

0z oz 0) 47 [w—z o™=l 1—zw ( D)
Part 3 of proof: Applying the %-opemtor. We continue towards %p(lz) %GP(Z, w)

by dividing by p(z) = |2|? which yields
1 9 1 [ 1 e @
= w[** ——
w—z 1—zw

and when we apply the %—operator we get
o 1 0 1[0 1 0, 190 W

The last term vanish since

Zw—z 0z 1—zw

— is analytic in D and therefore must vanish under

the %—operator. The first term is treated by an application of Lemma 1 and we

see that
o 1 0

0% p(z) 0%

What is left to verify of the properties in the definition of Green’s function is the

value of G,(z, w) when z € 9D. Observe that z € 0D means |z| = 1, which implies
that Z = 1 and p(2) = |2[** = 1. If we use these facts we end up with

Gp(z,w) = do(z — w).

Glzw) = — [2(2) + s - w(2) ~ upewms)] =0

4
Thus we have shown that the function G, (z, w) satisfies the definition, and therefore
we can conclude that G,(z,w) is our Green’s function. O

Remark. Our Green’s function has the symmetry property G,(z,w) = G,(w, 2),

essentially since W(z) has the property that ¥(z) = ¥(z) if z € C\ [1, c0).

Remark. In the unweighted case o = 0 we get the classical Green’s function. We
have already calculated two out of four terms in (13) and the two remaining terms
are

Ww(f) and  |w|?|2[20 (w2)
which if & = 0 simplify to

I (1 _ Z’) = _In(z-w) +In(Z) and In(l-w2).

If we sum these terms according to the signs in our Green’s function and combine
this with (13) we see that

—In(w—2)—nEZ-w)+In(l —wz2) + In(zZw —1) = —2In|z — w| + 2In |1 — Wz

which finally yields the same expression as the classical case (6) when =0

1 1
Gy(z,w) = fﬂln|sz| + ﬁln\l —wz|.
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Corollary 1. The Bergman kernel for D with weight p(z) = |2|**, a > —1, is
given by
1 1 a 1

K == = :
oz w) 77(1—2@)2+771—zﬁ

Proof. Using Garabedian’s formula (7) we can calculate K,(z,w) as

4 9*G,(z,w)

K = .
B == ) eow 0 T
From (17) we get
0 1 [ |z oal 126 W | 2|2 1 o0 W
-G - _ o « — _ a__ 7 |
0z p(z:0) dr |w— 2 ™21 1-zw dr |w—z ol 1—zw
If we apply the %—operator to the above the result is
g 0 lz2* o 1 0, 9q W
~ “a — e |2
ow 0z o2 ) dr |Oww — 2 8@|w| 1—zw
| 2|2 0 9y W
= 6 _— _— —_— ai .
1 |l =2 = gl g
but since z # w we can disregard the Jp-function:
0*Gp(z,w) |22 0 2 w
=— —|w[*——.
0wz 4t Ow 1—zw
If we carry out the differentiation and simplify we arrive at
o , wtt ~ jwl? Q . 1
aw 1-.w " |1—zw | (1-w)?

and thus

82Gp(z,w) _ |w|?%| 2|2 «a n 1
020w 4 1—zw (1-2w)2]|°

Therefore we can conclude that

1 1 a 1
K _1 @ .
o2 0) 7(l—zw)2 7wl—z2w

4. GREEN’S FUNCTION FOR THE WEIGHT p(2) = (1 — |z|*)®

We will proceed as in the previous section by first finding Green’s function for
our second weight p(z) = (1 — |2|?)* and then we use it to calculate the Bergman
kernel.

Proposition 2. Green’s function for the weighted Laplacian %p(lz) % in D with

weight p(z) = (1 — |2|2)%, a > —1, is given by

Gz w) = ~ L0~z >“@<<1—le (1 I ))

4m (1—wz)e |1 —wz|?

where

1
te z
U(z) = dt = F(La+lat22), zeD.
(2) Z/O - i 1(Latla+2;2), =z

Proof. We need to verify that for a fixed w € D we have

0 1 0

_ %@&Gp(z’w) = do(z — w).
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We differentiate G, with respect to z using the chain rule (9). Therefore fix w
inside D and set

(1= w)(A—12*) Q= |w?) (A-27)

I8 = mp T G—mw) (-

so that we can write
1
Gplz,w) = —(1 - Zw)%g(2)"L(g(2)) -

With some calculations one can show that g(z) is real and that 0 < g(z) < 1
where ¢g(z) =1 if and only if z = w.
The outer function z%W(z) can be differentiated by (12) and to find the inner
derivative we use the product rule
dg(z) _ (1-22) 0 (1—|wl’) (A-|wP) 0 (1-23)
0z (1 —2w) 0z (1—zw) (1—-zw) 0z (1 —2w)’

To handle the first term note that (1771511,) is Z-analytic in D and therefore vanish

under the %—operator. Therefore we only have

9g(z) _ (1—|wl*) 0 (1-=2%)

0z (1-2zw) 90z (1 — zw)
which is calculated using the product rule as
o9  1—|wf? —Z (o= _1-w}? w-7%

9z 1-—zw [(1-2w) (1 — 2w)2 1—zw (1—2w)?

Then by the chain rule (9) we get

1 ~ o 9(2)% 9y
(1—-2zw) - (2 02

0
pr(ZﬂJ}) = E

0z

which can be simplified to

9 (1= [2)*(1 = Jw[?)o*t
Il N 1
(“)sz(Z’w) A7 (w—2)(1 — zw)et? (18)
The last derivative is then
g 1 9 91  (A-|wP)*t 10 -|wf)* a1 1

— G (zw) = —— - Z

0z p(z) 0z o2 W) 0zZ4r (w—2z)(1 —zw)*tt 4 (1—-zw)*t! zZmw— =z
where we have used the fact that since W is analytic in D it vanish under
the %—operator. We continue by applying Lemma 1 to the previous expression and

we see that -
o 1 0 1(1— |w®)or
—— G =————" (2 —w).
0z p(z) 0= oz 0) 4 (1—zw)>t! o(z —w)
But this can be simplified by realizing that this function vanish unless z = w, hence

o 1 0
—A————G,(z,w) = do(z — w).
0z p(z) 0z (2 w) = do(z = w)

Finally it is not difficult to realize that G,(z,w) is zero when z € 0D, since then
|z] = 1 which implies that the expression (1—|z|?) is zero. Thus we have shown that
the function G,(z,w) has the required properties, and therefore we can conclude
that G, (z,w) is our Green’s function. O

Remark. Note that it has the desired symmetry property G,(z,w) = G,(w, z).
This is easy to verify once we notice that the argument to the U-function is real
and that ¥(z) is real for z € [0,1) on the real line.
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Remark. In the unweighted case @ = 0 our Green’s function reduces to classical
Green’s function (6) since for a = 0

2 (1 — lwl?
Gp(z7w)11n(1(1 |2|) (1 ||))

in 11— 2w

which can be simplified to
1 _ _
Gy(z,w) = o (-In[]1 —2w|* — (1 — |2]*)(1 — |w]*)] + In |1 — 2w|?)
1 1 _
——%1n|z—w\+%ln|l—zw|.

Corollary 3. The Bergman kernel for D with weight p(z) = (1 — |2]*)%, a > —1,
is given by
a+1 1

7 (1 - zw)xt?’

K, (z,w) =

Proof. Using Garabedian’s formula (7) we can calculate K,(z, w) as

4 9*G,(z,w)

Kp(z,w) = Cp(2)pw)  0z0w

z # w.

But from (18) we already have
0G,(z,w) 1 (1—]z)*(A —Jw)**

0z dr (w—2)(1 — zw)o+!

To apply the %—opera‘cor we begin by using the product rule
?Gp(z,w) 1 0 (1—[z[)* (1 —|w)**!

owdz  Anow (w—2z) (1—zw)otl
_ L[ JwP)rtt 0 A=) A= [2H)* 0 (1 [w[t)F
Cdr | (1—2w)et! dw (w— 2) (w—2) ow (1-—zw)*t!

The first term will vanish after an application of Lemma 1 and after noting that
z # w. With some calculations we can find the second term which becomes

?Gp(zw) a1 —[z)*(1 — |w*)

owoz 47 (1 - zw)o+2
Therefore we can conclude that
1 1
Ky(z,w) = ot O

7 (1—zw)xt?’

5. THE POISSON KERNEL

Now using the two Green’s functions from the previous sections we will derive
the Poisson kernels for our two weights.

If we know the Poisson kernel, which we will denote as P,(z), we can use the
Poisson integral to represent the solution to (4) as

u(re?) = 2 /0 WPp(rei(e_w))f(ew)dw. (19)

T or
If we compare this to the solution formula (5)

[ HQ3G,0)
V= o0 o =
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we see that we can find the Poisson kernel by differentiating Green’s function. If
we let z = e’ and ¢ = €' in the integral (19) we get that
1 27 .
u) =5 [ RADFOW
T Jo
and therefore we can identify

= 21 0G,(%,()
B0 =00 "au@

To find the normal derivative of G, consider the following simple lemma:

(20)

Lemma 2. Let f be defined on some neighborhood around 0D and assume that it
is differentiable on OD. If f(z) =0 for all z € OD then

of _20f

% 2€0D 20z
where v(z) is the inward unit normal at z.

Proof. We switch to polar coordinates and see that f(e?) = 0 for all 6, which
implies that % = 0. If we plug this into the chain rule we get for r =1

r=1
of _ofor, o0ros _ofor _ofx _ Of
Or Ordx 000x Ordx Orr or’
of _ofor  0f06 _ofor_0ofy _ Of
oy ordy  06oy ordy orr or
The inward unit normal at ( = x+iy € D is v(¢) = (—z, —y) and so the normal

derivative is

of of of of of

v <3x By ) (=r—y) = =25, ~ Vg,
Using the previous calculations and the fact that r? = 22 + y? = 1 we can simplify
the normal derivative on 0D as

% __2%_ 2%__ 2 2
6Vr_1_ xar yar_ (" +y7)

For the Wirtinger derivative % we can write

of L/of  .Of af of 3f
27 =92 - (==
9z 732 (ax Hiay) T o T War =% or
and so we conclude that on JdID we have the formula
of 20f

| _ " zoz H

or _ o
or or’

Now we can transform the normal derivative in (20) into something which de-
pends on a derivative we have already calculated. If we use the conjugate property
of the Wirtinger derivative (8) and the symmetry property (3) we see that

0G,(z,w)  0G,(w,z)  0G,(w,2)
ow N ow N ow
and this last derivative we have already calculated for both our Green’s functions.
Therefore we get from the previous lemma and our previous calculation that the
identification (20) can be written

S AT 9G,(zQ) _ 4w 9G,((2)
P =50 ac - @O 2y

Now we have all we need to find the two Poisson kernels.
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Corollary 2. The Poisson kernel for the weighted Laplace equation (1) in D with
the weight p(z) = |2|**, a > —1, is given by
Py(2) =

Proof. In (17) we found the first derivative as

0G,(zw) _ 1 [1=* 20,20
9,  in j—|w\ || 1_w

0z — ZW

which if we rename the variables is equivalent to

1 z|z|?*

1-z 1-—2~

aGP(Caz) _ K'Za | |2a|C|2a z
R Cz ’
Now if we plug this into (21) we find that
= dm 0G (C, z) 4m {|C|2 20|20 F ]
P,(2¢) = — =- z2|7%|¢|* Y ——=
P( ) q<|2a 8(: C|C|2a 471. 7_( | | ‘ | 1_CZ
1
1 o 7
= =+l =
¢ —¢z 1-¢C2
Now ¢ lies on 9D and so [¢|* = 1, [2[** = [2(|** and ¢ = (. Hence
— 1 Zz
P,(z —— + 2] .
W) = T
and therefore we get the desired expression
1 z|z|?
P = . d
=151

In the next case we already know the Poisson kernel from [8]. So we want to
verify the connection to our Green’s function.

Corollary 4. The Poisson kernel for the weighted Laplace equation (1) in D with
the weight p(z) = (1 — |2|*)®, a > —1, is given by

_ (A=)t
Pola) = 5 - et

Proof. We proceed exactly as before and in (18) we found that
0Gy(z,w) 1 (1—[2*)*(1 — |w[*)**!

0z Cdn (w—2)(1 — zw)etL
which if we rename the variables is equivalent to
0Gy(¢z) 1 (A [¢P)*(1 — |z[)**!
o¢ dr (2= Q@A =)t

If we plug this into (21) we arrive at

_ Ar  9G,(C,2) Ar (1— I¢1)* (1 = [2*)~*
P =- £ = =
S G B () Y G T WS
_ a—ppen
(CC—¢2)(1 = Cz)ott
Now ¢ lies on 9D and so |(|?> = 1 and |2|> = |2(|?. This allows us to simplify a little
and we get finally

(-7
(-1 - o)t

Pp(ZZ) =
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Therefore we can conclude that the Poisson kernel for the weight p(z) = (1 —|2]?)®

1S
_ (@)t
B = 50 2

which is the same expression which Olofsson and Wittsten find in [8]. O

REFERENCES

[1] Milton Abramowitz and Irene A. Stegun, editors. Handbook of mathematical functions with
formulas, graphs, and mathematical tables. Dover Publications Inc., New York, 1992. Reprint
of the 1972 edition.

Kari Astala and Lassi Péivirinta. Calder6on’s inverse conductivity problem in the plane. Ann.

of Math. (2), 163(1):265-299, 2006.

Stefan Bergman. The Kernel Function and Conformal Mapping. Mathematical Surveys, No.

5. American Mathematical Society, New York, N. Y., 1950.

Russell M. Brown and Gunther A. Uhlmann. Uniqueness in the inverse conductivity problem

for nonsmooth conductivities in two dimensions. Comm. Partial Differential Equations, 22(5-

6):1009-1027, 1997.

Lawrence C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathe-

matics. American Mathematical Society, Providence, RI, second edition, 2010.

[6] P. R. Garabedian. A partial differential equation arising in conformal mapping. Pacific J.
Math., 1:485-524, 1951.

[7] Lars Hormander. The analysis of linear partial differential operators. I, volume 256 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer-Verlag, Berlin, second edition, 1990. Distribution theory and Fourier anal-
ysis.

[2

3

4

=

[8] Anders Olofsson and Jens Wittsten. Poisson integrals for standard weighted Laplacians in the
unit disc. J. Math. Soc. Japan, to appear.
[9] Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third edition,

1987.

Gustav BEHM
E-mail address: gbehm@kth.se



